All groups considered are finite.
General Porperties
The following observation is clear.
Theorem 1.1. The subgroups and quotients of an EPPO-group are also EPPO-groups. Theorem 1.2. Let G be a group. then the following statements are equivalent:
(1) G is an EPPO-group.
(2) For any non-trivial x and y in G with (|x|, |y|) = 1, xy = yx.
(3) For any non-trivial x and y in G with (|x|, |y|) = 1, C G (x) ∩ C G (y) = 1.
(4) For any non-trivial p-subgroup A ≤ G, C G (A) ≤ P , where p ia a prime dividing the order of G and P is a Sylow p-subgroup of G.
Proof. (1)⇒(2): Let a, b ∈ G such that |a| = p α and |b| = q β , where p = q. If ab = ba, then |ab| = p α q β , a contradiction because G is an EPPO-group.
(2)⇒(3): Let a, b ∈ G such that (|a|, |b|) = 1. Suppose that C G (a) ∩ C G (b) = 1. Then for some 1 = g ∈ C G (a) ∩ C G (b), we have that either (|g|, |a|) = 1 or (|g|, |b|) = 1 by the hypothesis. But since g centralizes both a and b, this yields a contradiction. If A is a p-group, then for any nontrivial element y ∈ A, C G (y) is also a p-group by the assumption. Thus, C G (A) is a p-group by the observation above and consequently there exists a Sylow p-subgroup P of G such that C G (A) ≤ P .
Next, we suppose that there exists at least two different primes p and q dividing the order of A. Let a be an element of order p in A and b be an element with order q in A. Then C G (a) ∩ C G (b) = 1 by the hypothesis and so C G (A) = y∈A C G (y) = 1, as desired.
(4)⇒(1): If G is not an EPPO-group, then we may assume that G contains an element g of order p α q β with α = 0 and β = 0. It is clear that g ≤ C G ( g ) = 1, a contradiction by the assumption of (4). Theorem 1.3. Let G be a non-cyclic metacyclic EPPO-group such that |π(G)| ≥ 2. Then G = a, b such that a p α = 1, b q β = 1, b −1 ab = a r , where p and q are different primes such that the exponent of r(mod p α ) is q β .
Proof. We first prove the necessity.
Let G be a non-cyclic metacyclic EPPO-group. Then G ′ and G/G ′ are cyclic and moreover are EPPO-groups by the hypothesis. Therefore |G ′ | = p α and |G/G ′ | = q β for some p, q ∈ π(G). Since |π(G)| ≥ 2, we see that p = q and so G is of order p α q β such that every Sylow subgroup of G is cyclic. By [4, Theorem 9.4.3] , we have that
We claim that p α | (r q β − 1). If not, suppose that for some 0 ≤ s < β, we have p α |(r q s − 1). Then b −q s ab q s = a r s = a, which implies that ab q s = b q s a, contradicting that G is an EPPO-group. Hence our claim holds. It follows that p ∤ r − 1. In fact, if p | (r − 1), then we can write r = kp + 1. Then r p α−1 = (kp + 1) p α−1 , form which we conclude that r p α−1 ≡ 1 (mod p α ). By the argument above, we get that q β |p α−1 , a contradiction because p = q. Thus the necessity of this theorem is proved. Now we prove the sufficiency. By [4, Theorem 9.4.3] , the Sylow subgroups of a group G satisfying relation ( * ) are all cyclic and so G is a metacyclic group such that G = a ⋊ b . Let g = b x a y be any element of G, where x and y are natural numbers. If x = 0, then g is an element of prime power order. Suppose that x = 0. Then
Since p α | r q β − 1 = (r − 1)(r q β−1 + r q β−2 + · · · + 1), and p ∤ r − 1, we have p α | (r q β−1 + r q β−2 + · · · + 1), which implies that (b x a y ) q β = 1. Thus, G ia an EPPO-group and therefore G is noncyclic. 
where p α is the p-part of |G| and p / ∈ π(N ).
Solvable EPPO-groups
Lemma 2.1. Let G be a non-abelian solvable EPPO-group. Then G has a normal abelian subgroup which is not contained the center of G.
Proof. This proof is similar to [5, Theorem 16 ]. Proof. We first prove the necessity. Suppose that G is an EPPO-group. Let h and a be non-trivial elements in H and N respectively. Then a h = h −1 ah by the definition of semidirect. If h has a characteristic root 1, then there exists an element 1 = a 1 ∈ N such that a h 1 = 1 · a 1 = a 1 and therefore a 1 h = ha 1 , a contradiction. In addition, it is easy to see that H acts faithfully on N . Now we prove the sufficiency.
By the hypothesis, H is an EPPO-group and so |h| = p α for some p ∈ π(H). Observing that h is a linear transformation on N , h is a root of the polynomial λ p α − 1. Assume that h = 1. Since 1 is not an eigenvalue of h as a linear transformation on N , the minimal polynomial of h is
which shows that G is an EPPO-group. Lemma 2.3. Let M be an n × n monomial matrix and M p = I n for a prime p. If M is not a diagonal matrix, then 1 is an eigenvalue of M .
Proof. Let M be an n × n monomial matrix. Since M p = I n , we have that |M | = 0 and so in each row and column of M there is exactly one non-zero element. Denote by a iσ(i) the non-zero element of M in the i th row, where σ is a permutation on the set {1, 2, · · · , n} and the order of σ is p by the hypothesis. Therefore σ = σ 1 σ 2 · · · σ s , where every σ i is a cyclic permutation of order p. Since M is not a diagonal matrix, there exists at least one non-trivial σ i and without loss of generality, one can assume that σ 1 = (12 · · · p) and so
Since M p = I n , we have that C p = I n , which induces that a 12 a 23 · · · a p−1,p a p1 = 1. Thus
= 1 − a 12 a 23 · · · a p−1,p a p1 = 0.
It follows that 1 is an eigenvalue of C and is also an eigenvalue of M .
Combining Lemma 2.2 and Lemma 2.3, we get the following result.
Theorem 2.2. Let G be an EPPO-group with a non-trivial normal q-subgroup Q for a prime q. Let H be a solvable subgroup of G such that (|H|, q) = 1. Then H is either a cyclic p-group or a generalized quaternion group. In particular, if p = q, the Sylow p-subgroups of G are cyclic or generalized quaternion and furthermore, if G is solvable, the order of G is p α q β for some positive integers α and β.
Proof. Let N be a minimal H-invariant subgroup contained in Q. Then N is an elementary q-group. Since G is an EPPO-group, we have that H is also an EPPO-group by Theorem 1.1. It follows that the representation of H on N is a monomial representation. Let h ∈ H and let h be of prime order. We claim that the representation matrix of h is diagonal. If not, by Lemmas 2.2 and 2.3, we obtain that G is not an EPPO-group, contradicting our assumption on G. Thus, if h and k are two elements in H of prime orders, then hk = kh. Hence H must be a p-group some prime p since H is an EPPO-group. Furthermore, by [6, Theorem 7 .24], we conclude that H is a cyclic group or a generalized quaternion group.
Suppose that G is solvable. Then, for prime q, G has a Hall q ′ -subgroup H and consequently by the foregoing arguments, H must be a p-group for some p ∈ π(G). Therefore |G| = p α q β . Theorem 2.3. Let G be an EPPO-group. Then the following statements hold.
(1) If G has a generalized quaternion Sylow 2-subgroup, then G is of order 2 α q β with β ≥ 0 and the Sylow q-subgroup of G is normal in G.
(2) If G has a non-trivial normal q-subgroup Q for a prime q, then G is solvable provided one of the following holds. Proof. (1) By the hypothesis and [7] , we have that there exists a normal subgroup of N of odd order such that G/N has a central element of order 2. Since G/N is an EPPO-group, G must be a 2-group. By the oddness of N , we know that G is solvable. By Theorem 2.2, the order of G is 2 α q β and N is a normal Sylow q-subgroup in G.
(2) Let |G| = p α 1 1 p α 2 2 · · · p αs s q β . By (1), we may assume that the Sylow 2-subgroups of G are not generalized quaternion groups.
(i) Suppose that q is an odd prime. If p i = 2 for 1 ≤ i ≤ s, then G is of odd order and so G is solvable. If p i = 2 for some i, then by Theorem 2.2, the Sylow 2-subgroups of G are cyclic. It follows from Burnside's Theorem (see [4, Theorem 14.3.1] ) that G has a normal 2-complement and so G is solvable.
(ii) If Q is a Sylow q-subgroup of G, then Q is a normal Sylow q-subgroup of G. By Theorem 2.2, we have that every Sylow p-sbgroup of G is cyclic for p = q. Thus, G/Q is a metacyclic group and therefore G is solvable.
(iii) Let P be a Sylow 2-subgroup of G and suppose that P is abelian. If q = 2, then the result follows from case (i). If q = 2, then C G (Q) is a Sylow 2-subgroup of G by the hypothesis on G. Since C G (Q) is normal in G, we obtain that G is solvable.
Thus, the proof is complete. Lemma 2.4. Let G be a group of order p α q β , P be a Sylow p-subgroup of G and Q be a Sylow q-subgroup of G. Suppose that P is cyclic and Q is minimal normal in G. If C G (Q) = Q, then β is the exponent of q(mod p α ). Especially, if G is a EPPO-group, then C G (Q) = Q is satisfied.
Proof. Since Q is an elementary abelian group of order q β and G = P Q, we have that Q is also a minimal P -invariant subgroup by the minimality of Q. Then P acts irreducibly and faithfully on Q. Set P = a . Suppose that under some basis of Q, the representation matrix of a is A. By [9, Ch.3, Theorem 2], we know that the characteristic polynomial of A is equal to its minimum polynomial. Since the order of a is p α , we have that A p α = I β , which implies that the characteristic polynomial
and F q denotes the finite field with q elements. Let k(q β ) denote the splitting field of f (x) over F q . Then all characteristic roots of f (x) are p α th roots of unity in k(q β ) and f (x) has no multiple root in k(q β ). We claim that f (x) is irreducible over F q . If not, suppose that f (x) = f 1 (x)f 2 (x), then it is easy to see that A is similar to the following block matrix
Let ω be a root of f (x) in k(q β ). Then the number of conjugate elements with ω is β. Let ζ generate k(q β ). Then the map φ : ζ → ζ q generates the automorphism group of k(q β ). It is clear that φ(ω) = ω q . Since the order of A is p α , we get that the order of ω is also p α . This implies that the conjugacy class containing ω consists of ω q 0 , ω q 1 , . . . , ω q r −1 where q r ≡ 1(mod p α ). Thus β = r, which completes the proof.
Theorem 2.4. Let G be a solvable EPPO-group such that |π(G)| > 1 and Q be a maximal normal q-subgroup of G for some q ∈ π(G). Then
(1) Suppose that G 2 is not a generalized quaternion group, where G 2 is a Sylow 2-subgroup of G. Then G/Q is a meta-cyclic group. Let |G| = p α q β . Then G/Q is of order p α q γ with q γ |(p − 1) and the chief series of G is as follows:
where p α |(q b − 1). If Q is the Sylow q-subgroup of G, then the chief series of G is as follows: (2) If the Sylow 2-subgroups of G are generalized quaternion groups, then G has the following chief series 2, . . . , 2
Proof.
(1) Since G is an EPPO-group, we have that |G| = p α q β , where p, q ∈ π(G) and p = q. If Q is a Sylow q-subgroup of G, then G/Q is of order p α and by Theorem 2.2, G/Q is a cyclic group. If |Q| < q β , then G/Q has a cyclic Sylow p-subgroup since the Sylow p-subgroups of G are cyclic. By our hypothesis, G/Q has no normal Sylow q-subgroup, that is O q (G/Q) = 1. It follows that there exists a normal p-subgroup of order p in G/Q. Since the automorphism group of a group of order p is cyclic, we obtain that the Sylow q-subgroups of G/Q are cyclic and therefore G/Q is a metacyclic group.
We first assume that Q is a Sylow q-subgroup of G. By the foregoing arguments, we see that G has a chief series
normal in G and so by the minimality of C s−1 , we have that C s−1 ≤ Z(Q), which implies that C t is normal in Q. Since C t is also normalized by P in G 1 , we obtain that C t is normal in P Q = G, a contradiction. Assume that |C s−1 | = q b . Applying Lemma 2.4, we have that b is the exponent of q(mod p α ). Considering the factor group G/C s−1 , we observe that the chief series of G/C s−1 is
By induction, we obtain that the chief series of G has the the following type:
where b is the exponent of q(mod p α ). Since C s−1 ≤ Z(Q), the analogous argument induces that C s−2 /C s−1 ≤ Z(G/C s−1 ). By induction, we conclude that C i /C i+1 is contained in Z(Q/C i+1 ) with i = α + 1, . . . , s − 1. It follows that Q > C α+1 > · · · > C s−1 > 1 is a central series of Q with length of k. Therefore the nilpotency class is bounded by k. Now, we may assume that Q is not a Sylow q-subgroup of G. Then G/Q is a metacyclic group of order p α q γ . Let H/Q be a Sylow p-subgroup of G/Q. Then H/Q is normal in G/Q. By Corollary 1.1, we have that q γ |(p − 1) and G has a normal series
where the corresponding indices are q γ , p α , q β−γ , respectively. We can refine above normal series as G > · · · > H > · · · > Q > C 1 > · · · C k > 1, where the orders of each chief factor is as
At last, we consider the following normal series of H:
Observing that Q is a normal Sylow q-subgroup of H, we see that the orders of chief factor of H are p, . . . , p; q b , . . . , q b .
Refining the chief series of H above, we get that b|b i for 1 ≤ i ≤ k.
Since q γ |(p − 1) and p α |(q b − 1), we have that
and so γ < b. (??)
(2) Let P be a Sylow 2-subgroup of G and suppose that P is a generalized quaternion group. It follows from Theorem 2.3 that G has a normal Sylow q-subgroup Q. Since P has a cyclic subgroup K of order 2 α−1 , we have that H = KQ is normal in G, and G > H > Q > 1 is a normal series of G. Using a similar argument as in (1), we conclude that G has a chief series with every factor having order as 2, . . . , 2 α ; q b 1 , . . . , q b k , where b|b i for i = 1, . . . , k and b is the exponent of q(mod 2 α−1 ). Now we prove that each b i > 1 and it suffices to prove b k > 1 by induction. Let C K be a minimal normal subgroup of G and assume that |C K | = q. Write L = P C K . Since L is an EPPO-group, we have that C K is centralized by itself in L and thus L/C K ≃ P is isomorphic to a subgroup of Aut(C K ), contradicting that Aut(C K ) is cyclic. Hence b k > 1 and the result follows.
Notice that Theorem 2.4 is a refinement of Theorem 1 in [1] .
Corollary 2.1. Let G be an EPPO-group. Then G is supersolvable if and only if G has a normal subgroup of order q with q ∈ π(G).
Proof. It suffices to prove the sufficiency part.
Assume first that q is an odd prime. By (2) in Theorem 2.3, G is a solvable group of order p α q β . By Corollary 1.1, p α divides q − 1, then the exponent of q(mod p α ) is 1, and so the Sylow p-subgroups of G are cyclic. Let |G/Q| = p α q γ . Then, by Theorem 2.4, we have γ = 0, which indicates that Q is a normal Sylow q-subgroup of G. Since p α |(q − 1), by Theorem 2.4 again, G has a chief series such that every factor has order as the following: p, . . . , p α ; q, . . . , q β , implying that G is supersolvable, as wanted.
If q = 2, then G has a central element of order 2 and it follows that G is a 2-group by the hypothesis. Thus, the result is clear.
3 Non-solvable EPPO-groups
